Dry, wet, dense, and dilute granular flows have been previously considered fundamentally different and thus described by distinct, and in many cases incompatible, rheologies. We carry out extensive simulations of granular flows, including wet and dry conditions, various geometries and driving mechanisms (boundary-driven, fluid-driven, and gravity-driven). For all simulated conditions, except for fluid-driven and gravity-driven flows close to the flow threshold, we find that the Mohr-Coulomb friction coefficient µ scales with the square root of the local Péclet number Pe, provided that the particle diameter exceeds the particle mean free path. With decreasing Pe and granular temperature gradient M , this general scaling breaks down as the system becomes increasingly isotropic, allowing the mechanical stabilization of the flow. This leads to a yield condition with a variable yield stress ratio characterized by M .
Reliable large-scale simulations and thus predictions of geophysical and industrial processes require a deep understanding of the continuum properties of granular flows (i.e., the collective motion of granular particles). However, existing theories of the granular flow continuum (the "rheology") are limited to small subsets of the physical conditions under which such processes can occur. For example, although geophysical granular flows are often wet (i.e., significantly affected or driven by ambient fluid) [1] [2] [3] and consist of coexisting dense (liquid-like) and dilute (gas-like) flow layers [3] [4] [5] [6] , even understanding comparably simple dry, dense-only or dilute-only flows has remained a major challenge [7] [8] [9] .
Existing rheologies for non-cohesive and nonquasistatic flows of sufficiently hard granular particles can be classified in terms of the particle volume fraction φ (the fraction of space covered by particles), particlefluid-density ratio s ≡ ρ p /ρ f , and Stokes number St ≡ ρ pγ d 2 /η f , where d is the particle diameter,γ the granular shear rate, and η f the fluid viscosity. Dilute, dry flows (φ 0.5, s → ∞, St → ∞) have been described by the kinetic theory of dry granular gases [9] ; dense, dry flows (φ 0.5, s → ∞, St → ∞) by the local viscoplastic rheology [10] and its nonlocal extensions [11] [12] [13] [14] ; dense solid-liquid suspensions (φ 0.5, s 1, variable St) by different (partially incompatible [15] ) viscoinertial rheologies [16] [17] [18] [19] [20] [21] ; and sediment transport driven by liquids (variable φ, 1 < s < 3, variable St) by modified viscoplastic or viscoinertial rheologies [22] [23] [24] . Furthermore, different rather complex and controversial approaches exist to extend kinetic theory to solid-gas suspensions [25] [26] [27] or the dense regime [28] [29] [30] .
Here we show that, despite their fundamental dif-ferences, granular flows from the entire phase space (φ, s, St) actually obey a common scaling law for the Mohr-Coulomb friction coefficient µ, the knowledge of which is essential for any rheological description. We carry out discrete element method-based simulations of granular flows for a variety of geometries and driving mechanisms (Table I and Fig. 1 ), which cover the entire phase space: (i) two-dimensional sediment transport driven by a large variety of Newtonian fluids, (ii) rapid gravity-driven flows in ambient static air of varying viscosity, (iii) two-dimensional uniformly sheared viscous suspensions in density-matched fluid of varying viscosity, (iv) two-dimensional dry uniform shear flows, (v) three-dimensional rotating drum flows lubricated by a density-matched fluid, and (vi) a three-dimensional dry rotating drum flow. In all simulations, contacting particles interact via normal repulsion (restitution coefficient e, modeled through viscous damping), governed either by a linear or Hertzian law, and tangential friction (contact friction coefficient µ c , Table I ). Details are described below. model couples a discrete element method for the particle motion (stiffness k = 5000mg/d) under gravity, buoyancy, and fluid drag with a continuum Reynolds-averaged description of hydrodynamics (described in detail and/or validated in Refs. [31] [32] [33] [34] [35] ). Spherical particles (∼ 10 4 ) with mild polydispersity are confined in a quasi-twodimensional, vertically infinite domain of length ∼ 10 3 d with periodic boundary conditions in the flow direction. The bottom-most particle layer is more dissipative and glued on a bottom wall. The Reynolds-Averaged Navier-Stokes equations are combined with an improved mixing length approximation, which can be used to calculate the mean turbulent fluid velocity at high particle concentrations. For gravity flows, the ambient fluid is kept static. Simulations are carried out for varying density ratio s,
, and inclination angle α, where g is the gravitational constant and τ f is the bed fluid shear stress. For gravity flows, we simulate conditions with s = 2000, Ga ∈ [2, 100], Θ = 0, and α between the flow threshold and 60 • . For sediment transport, we simulate conditions with s ∈ [2.65, 2000], Ga ∈ [0.1, 100], α = 0, and Θ above the flow threshold, which correspond to five different transport regimes (Table II) [34] . Following the symmetry along the flow direction, simulation data are averaged over horizontal layers of variable thickness depending on the particle volume fraction [31] .
Uniformly sheared particle and suspension flows.-The numerical model couples a discrete element method for the particle motion (k = 2000P yy d) under viscous fluid drag and torque, with the Stokes equations for laminar flow (described in detail in Refs. [17, 36] ). Twodimensional disks (∼ 10 3 ) with moderate polydispersity are confined within a shear cell composed by two rough walls, created by gluing together two dense layers of grains, with periodic boundary conditions along the flow direction parallel to the walls. The position of the walls is controlled to ensure constant confining pressure P yy and mean shear rate.
Simulations are carried out for varying volume fraction (in the range φ > 0.24, where φ is calculated as 2/3 of the disk area fraction, like for spheres confined in two dimensions) and two general cases: no ambient fluid (dry condition) and an ambient density-matched liquid with varying dimensionless viscosity (s = 1, η f / ρ f P yy d 2 = [10 −3 , 10 −2 , 10 −1 , 10 0 , ∞]). Simulation data are averaged over the entire shear cell.
Rotating drum flows.-The numerical model uses a discrete element method for the particle motion (k = 17000mg/d 3/2 ) under lubrication forces [18] and gravity. The contact model employs the LIGGGHTS implementation of Hertzian contacts, which ensures a value of e [37, 38] . Spherical monodisperse particles (∼ 10 4 ) are confined within a closed horizontal cylinder (drum) of radius 20d and width 20d rotating at a constant rate ω.
Simulations are carried out for no ambient fluid (dry condition) and an ambient density-matched liquid with varying dimensionless viscosity (s = 1, η f /(ρ f ωd 2 ) = [1/160, 1/16, 3/16]). Simulation data are averaged using an anisotropic Gaussian smoothing function of dimension 3d × 3d × 20d.
General rheology relation.-Contact (P c ) and kinetic (P k ) granular stresses are calculated from the simulation data using the method given in Ref. [39] , which ensures that the granular temperature T = i P k ii /(ρ p φD) (the root-mean-square of the particle fluctuation velocity), where D is the number of space dimensions, is insensitive to the coarse-graining width. Furthermore, the shear rateγ is calculated as the norm of the deviatoric component of the strain rate tensor ij
Finally, we calculate the Mohr-Coulomb friction coefficient µ ≡ max i,j |P i −P j |/|P i +P j | from the principal components P i of the granular stress tensor P = P c + P k (a Drücker-Prager definition of µ yields slightly but statistically significantly worse results for our three-dimensional flows).
For both dilute and dense flow conditions (defined shortly), we find that the friction coefficient µ is only a function of the Péclet number Pe ≡γd/ √ T [28] and scales as
almost everywhere within all simulated conditions (Fig. 2, filled symbols) , except for sediment transport and gravity flows too close to the flow threshold (which are excluded from Figs. 2c and 2d ) because of nonlocal effects (see supplementary materials for details [40] ). The scale parameter c µ slightly depends on the driving conditions, with the smallest value found for viscous bedload transport. For uniformly sheared flows, c µ varies significantly with the contact friction coefficient (c µ 0.3 for µ c = 0, c µ 0.55 for µ c = 100) but not with the normal restitution coefficient e, even in the extreme cases µ c = 100 (no sliding) and µ c = 0 (always sliding) [40] . This suggests that Eq. (1) originates from a competition between macroscopic shearing (rateγ) and thermal diffusion perpendicular to the shearing motion (rate ∝ √ T /d) because a particle diffusing from a shear layer into a hole of an adjacent shear layer experiences mainly tangential contacts rather than normal contacts. Note that this diffusion interpretation is similar to the interpretation of the inertial number, viscous number, and wet inertial number as the ratios between rearrangement and shearing time scales [41] .
We define dilute and dense conditions -as opposed to rarefied ones -in terms of the mean free path λ through the condition λ < d, where λ(φ) = √ 2d/(12φ) for spherical particles and λ(φ) = πd/(12 √ 2φ) for spheres confined in two dimensions. In fact, we hypothesize that at least some of the few deviations from the scaling µ ∝ √ Pe at large Pe (Fig. 2 ) are related to a transition from dilute to rarefied flows at large shear rates, where kinetic stresses are dominant and thus µ limited by the geometrical constraints of high energy collisions [35] . Note that conditions with small overall dissipation (e.g., shearing flows with small viscosity and e = 0.9) deviate at smaller Pe [40] .
Variable yield stress ratio.-Interestingly, deviations from the scaling in Eq. (1) at small Pe (largerthan-predicted values of µ) are well characterized by the dimensionless granular temperature gradient M ≡ d|∇T |/T and seem to occur whenever M 0.7 and Pe 0.5 (Fig. 2, open and pressure-controlled homogeneous flows (e.g., uniform shear, squares in Figs. 2a and 2b) , where temperature gradients are negligible (M ∼ 0), these deviations are owed to the fact that µ converges to the yield stress ratio µ s (µ 2D s = 0.277 [17] , µ 3D s = 0.382 [28] ) in the limit of vanishing shear rate. From Eq. (1), we find that this yield transition in homogeneous flows starts at Pe = (µ s /c µ ) 2 ≈ 0.5.
For inhomogeneous flows, like sediment transport (Figs. 2c, 2d, and 3a) , the friction coefficient µ can be substantially smaller than µ s when Pe 0.5, at which point deviations from the scaling in Eq. (1) are controlled by temperature gradients, in particular the condition M 0.7. These deviations have several elements in common with a yield transition, as illustrated in Fig. 3 for turbulent saltation transport. First, µ seems to converge to a finite value µ * s in the limit of vanishing shear rate (Fig. 3a) . Second, the dimensionless characteristic length M −1 , associated with spatial changes in the granular temperature, collapses as a function of µ/µ * s with a peak at µ/µ * s = 1 (Fig. 3b ). This peak is reminiscent of the divergence of the relaxation length associated with spatial changes of the shear rate (γ) and granular stresses (P ij ) when approaching the yield condition (µ → µ s ) in existing nonlocal rheology models [13] (an in-depth comparison between the various forms of nonlocality will be carried out in the future). Finally, φ approaches the packing fraction as µ → µ * s (Fig. 3c ). We thus conclude that µ * s is the analogue of µ s for inhomogeneous flows with sufficiently large temperature gradients.
The onset of the yield transition is thus a func-tion of the dimensionless temperature gradient M and Péclet number Pe, as they both characterize the level of anisotropy in the system. At low M and Pe, the flow is more isotropic and can therefore be mechanically stabilized [42] . However, for sediment transport, even at low Pe (i.e., when thermal diffusion dominates), the relatively large temperature gradient induced by the transport layer prevents the yield transition and µ continues to obey Eq. (1). Note that, for inhomogeneous flows, general local relationships, like Eq. (1), are not expected to work at locations that exhibit a sub-critical stress ratio (µ < µ s ) [13] .
Relation to viscoplastic rheology and its nonlocal extensions.-For a dry granular flow, Navier-Stokes order granular kinetic theories, and their extensions to the dense regime, express the rescaled granular viscosity and pressure, τ /(ρ p d √ Tγ) and P/(ρ p T ) (where P = i P ii /D), as functions of the particle volume fraction φ provided that the shear stress tensor τ = P I − P and deviatoric strain rate tensor d are aligned [9, [28] [29] [30] . When combined with Eq. (1), these lead to the prediction that µ is only a function of φ or, equivalently, of the inertial number I ≡γd/ P/ρ p . That is, the viscoplastic µ(I) rheology [10] , which assumes alignment between τ and d , is recovered in Navier-Stokes order. Furthermore, the prediction that the rescaled granular fluidity f ≡γd/(µ √ T ) = Pe/µ, which plays a crucial role in nonlocal extensions of the µ(I) rheology [13] , solely depends on φ [14] is also recovered from Eq. (1) in Navier-Stokes order. However, we find that the predicted relation µ(φ), and thus µ(I) and f (φ), fails to describe turbulent salta-tion transport (Fig. 3c ) despite the fact that these conditions are essentially dry for µ > µ * s because of a large density ratio s = 2000, large Stokes number [St ∈ (10, 300)], and particles that are usually much slower than the terminal settling velocity. Hence, kinetic theories beyond the Navier-Stokes order (e.g., [43] [44] [45] ) may be needed to describe sediment transport. Note that the previously reported misalignment between τ and d in rotating drum flows [46] is also associated with a breakdown of standard kinetic theory (a paper on this issue is in preparation).
Conclusions.-In this study, we have shown that, under certain relatively weak constraints, the Mohr-Coulomb friction coefficient µ obeys the general scaling µ = c µ √ Pe, with the Péclet number defined as Pe =γd/ √ T . The scaling parameter c µ varies with the tangential friction coefficient µ c but not with the normal coefficient of restitution e (extended granular kinetic theory predicts the exact opposite [28, 30] ), from which we have inferred that this scaling likely originates from a competition between macroscopic shearing (rateγ) and thermal diffusion perpendicular to the shearing motion (rate ∝ √ T /d). The yield stress ratio of granular media, below which granular flows either stop or fundamentally change [13] , is currently thought to be independent of the flow geometry [42] . However, for sediment transport the scaling µ ∝ √ Pe even holds for friction coefficients as low as µ 0.08 and is accompanied by a very low yield stress ratio (µ * s 0.04 despite of frictional particles) caused by relatively large values of the dimensionless temperature gradient M ≡ d|∇T |/T , which prevent the mechanical stabilization of the flow. Future studies should investigate this link between µ * s and T because it may play a role in explaining long-standing open problems, such as the reduction of friction in long-runout landslides [47] [48] [49] .
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